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STATIC DIFFUSION MODFLS OF THE UPPER

ATMOSPHERE WITH EMPIRICAL TEMPERATURE P.ROFILESl

by

Luigi G. Jacchia2 ~77E21Cljr‘
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Summary.--Tables of atmospheric density and composition, are computed

!

for a wide range of exospheric temperatures; starting from \//
a fixed set of boundary conditions at 120 km. The[diffusion

éqgégigg;is integrated following empirical temperature pro-
files of exponential form capable of reproducing the densi-
ties derived from satellite drag over the years. Formulae
are given which relate the exospheric temperaturd to solar
and( geomagnetic activity ‘and allow for the diuwrnal and semi-
annual variations. The different response of the density at
the 200-km level to different types of heating 1s briefly
discussed.

;MW@E-—JA

The first multi-temperature models of the atmosphere above 120 km based
on diffusion equilibrium were produced by Nicolet (1961, 1963). These models
proceed frcm a fixed set of boundary conditions, temperature and partial den-
sities, at 120 km. Above this height the partial densities vary according to
diffusion theory, except for hydrogen for which diffusion equilibrium is
reached only at greater heights (Kockarts and Nicolet, 1962, 1963); thermal
diffusion is taken intc account for helium. The vertical temperature distri-
bution is computed for the "hottest" model, i.e., the one with the highest
exospheric temperature, assuming thermal equilibrium; the other models are
obtained from this model by conduction cooling of the atmosphere in the ab-
sence of external energy sources. The temperatures which are obtained in
this manner at the height of 150 km (a nearly isopycnic layer) are linearly
connected with the constant temperature at 120 km. Models can be computed
by this procedure for conveniently spaced values of the exospheric temperature.
These quasi-static models have proved very practical as a background for
deriving and analyzing atmospheric densities from satellite drag4(Jacchia and
Slowey, 1963). ’

1. Static and time-dependent models

lThis work was supported in part by grant NsG 87-60 of the National
Aeronautics and Space Administration.

o)
LPhysicist, Smithsonian Astrophysical Observatory.
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Atmospheric models can be constructed only at the expense of over-simpli-
fications. ©Such are, for example, the invariance of the boundary conditions
at 120 km and the constant temperature gradient between 120 and 150 km found
in Nicolet's models. Another serious limitation is the assumption of static
equilibrium in an atmosphere which is subject to large day-to-night temper-
ature variations, with a period which is not much longer than conduction time
in the lower thermosphere.

Atmospheric models which attempt to take into account the diurnal varia-
tion at low latitudes have been computed by Harris and Priester (l962a, b).
They also assumed fixed boundary conditions at 120 km and diffusion above
this height, but the hydrostatic equation and the heat-conduction equation
were integrated simultaneously and the heat input varied with a 24k-hour cycle.
Since the amount of solar BUV necessary to maintain the heat balance gave
diurnal density oscillations much in excess of those observed, Harris and
Priester were obliged to introduce a second source of heat with a maximum at
a different hour. This device may perhaps have a counterpart in the actual
heating process, but doubts have been voiced that it may mostly reflect the
inadequacy of an over-simplified theory. By suitably varying the "second
heat source," the Harris-Priester models can be made to fit the densities
from satellite drag with almost any degree of accuracy, and their new version,
prepared for the new COSPAR International Reference Atmosphere(CIRA 196L) to be
published shortly, is remarkably successful in this respect.

To analyze or predict the motion of satellites under the influence of
drag, one requires models which represent atmospheric variations above all
points of the globe in a continuous manner. For this purpose, models of the
Nicolet type have a conslderable advantage over those of Harris and Priester,
because with a suitable model for the geographic temperature distribution
above the thermopause they can yield atmospheric densities at any given location
and height. The Harris-Priester model is confined to low latitudes and does
not account for the seasonal migrations of the diurnal bulge; its extension
to higher latitudes would engender gross errors and even a discontinuity at
the poles. For this reason, 1t was deemed advisable to produce a set of
atmospheric models patterned after those of Nicolet, but based on the most
recent data on composition at the boundary level and density at satellite
heights. The result is the present tables.

2. Boundary conditions

The boundary conditions selected for the CIRA 1964 tables are the result
of a careful weighting of recent data from instrumented rockets and satellites,
and it would be difficult to improve on them at this date. Therefore, we have
taken them as the basis for our tables with only one change, namely, the
helium concentration which was increased by 40O percent to account for the
densities derived from satellites at heights greater than 600 km at times
of low solar activity. We thus have assumed:



At z = 120 km

T = 355K
n(N,) = 4.0 x 107
n(02) = 7.5 X 107°
2(0) = 7.6 x 10%°
n(He) = 3.4 x 107

Argon was neglected since its contribution to the total density is only 1
percent at 120 km and becomes rapidly negligible at greater heights. For
hydrogen we have followed Kockarts and Nicolet (1962) and fitted the fol-
lowing equation

logyo n(H)go = 7313 = 39.40 log o T+ 5.5 (10g,, Tm)z (1)

to their concentrations at 500 km, which were used as boundary for the com-
putation of concentrations at greater heights.

Starting from the boundary conditions, the concentrations n, of each

constituent i were computed as a function of the geometric height z by in-
tegrating the diffusion equation

_T; = - 22 %2 (1 4+ o1) . | (2)

Here, T is the temperature, o the thermal-diffusion factor, and H is the
scale height of the individual constituent, defined as

H, = » (3)

where k is the Boltzmann constant, m, the molecular (or atomic) mass of the

constituent, and g the acceleration of gravity.

For helium, following Nicolet, we used o = -0O.k; for N2, 02 and O, o = O.



3. The temperature profiles

To compubte the vertical distribution of temperature on the basis of
theory alone, we must know how the heating-energy input varies with height.
Since solar EUV is radiated in a discrete number of spectral lines, each of
which is absorbed at a different height (Hinteregger, 1962) and each of
which varies in intensity with time in a different manner (Purcell et al.,
1964), the problem is complicated enough even when we ignore energy sources
other than solar EUV. As to temperature and density observations, the
lower thermosphere, from 100 to 150 km, is practically terra incognita {or,
rather, aer incognitum). Any present-day atmocpheric model must introduce
4 considerablc degree of empiricicm in coustructing temperature profiles in
that region; thie is also the case of Nicolet's profiles.

Since an inadequate theory may be worse than none when it must fit a
great many accurate observations, as is our cace, we decided to akandon
theory entircly in censtructing our temperature profiles. A survey of
Nicolet's and of the Harris-Priester temperature profiles showed at once
that they can all be reprecented, with a remarkable degree of approximation,
by exponential curves of the form

T =17 - (T ) exp [- s(z - 120)] , (%)

s @ T]_EO

where TlQO in the temperature at 120 km and T the asymptotic (exospheric)

temperaturc; z ic cxpressed in kilometers and s is a constant different for
each profile. IT we decide to use equation (L) to represent our temperature
profiles, the problem is reduced to finding the value of s appropriate to
each value of Tw, or, better, an analytical expression for S(Tn) which will
generate temperature profiles capable of reproducing the observed variations
of density with height for any stage of solar activity. TFor example,

Nicolet's (1961) densities are reproduced within a few percent with temper-
ature profiles generated by equation (L), with

c o= 34.586 TTh S bkl x 1073 4 5.7k v 1077 T . (1000° < T_ < 2000°)

After a considerable amount of trial-and-error work, we found that the
densities derived from satellite drag (Jacchia and Slowey, 1963, plus up-to-
datce unpublished data) can be satisfactorily represented using temperature
profiles generated by the equation

0.0291 exp Q- X—2—2>

T - 800

X

750 + L1.722 v 10'h (r_ - 800)
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The present tables were computed by the numerical integration of
equation (2) starting from the boundary conditions given in Section 2
and following the temperature profiles generated by equation (4) with
s given by equation (5). 1In Fig. 1 these values of s are compared with
those which are obtained from the temperature profiles of Nicolet's and
the CIRA 1964 models. For the latter, we have selected the curves for

hh and 1hh local solar time, i.e., the hours of the minimum and of the
maximum of the diurnal temperature variation. Since there is no varia-
tion of s with the hour of the day in our static models, our s curve must
represent an average over the day with a possible drift toward the morning
value at the low-temperature end and toward the afternoon values at the
high-temperature end.

4. Comparison with Nicolet's models

A revised version (Nicolet IT) of Nicolet's original (1961) models,
Provided to us by the author, has been used by us for the past two years to
convert atmospheric densities from satellite drag data into temperatures
which are better suited for analysis than the original densities (Jacchia
and Slowey, 1963, and various more recent papers in these Special Reports).
Different temperatures are obtained from the same densities if we use the
Present models; the corrections to the system of Nicolet II to obtain the
temperatures given by our models are presented in Table 3 and plotted in
Fig. 2. As we can see from Fig. 2, the correction curves show a systematic
negative trend with increasing temperature in the range between 800° and
1700°K. This is equivalent to saying that if we consider a certain density
variation within these general temperature limits, this variation corresponds
to a somevwhat smaller temperature range in the present models. For satellites
at heights between 350 and 750 km (i.e., for all the satellites analyzed in
Jacchia and Slowey, 1963) we obtain temperature variations which are, on the
average, smaller by 6 percent.

Figure 3 shows the difference in log p for a given exospheric temper-

ature and a given height between Nicolet II and the present models. The
corresponding numerical values are to be found in Table L.

5. Formulae for the systematic temperature variations

Formulae for the variation of the exospheric temperature for use with
Nicolet's models were given in SAO Special Report No. 150 (Jacchia, 1964).
These formulae necessitate some revision if we want to use the present
atmospheric models.

a) Variation with the solar cycle. The relation between the exospheric
temperature Tm and the 10.7-cm solar flux FlO 7 both smoothed over two or

three solar rotations, shows practically no departure from linearity in the
new temperature system. In Fig. L4 we have plotted revised values of the

..5_




nighttime minimum and daytime maximum temperature from satellite drag data
covering the years 1958-196k. As can be seen, the smoothed nighttime
minima TO can be represented by

= 418 + 360 Flo.'r . (6)

The bar indicates averages over two or three solar rotations. The daytime
maxima are represented by

Ty = 128 T, - (7)

The smaller range of the diurnal variation (by a factor of 1.28 instead
of 1.30) reflects the overall smaller temperature ranges explained in Section
I, Tt should be recalled that the same diurnal density variation requires a
much larger temperature oscillation according to the time-dependent models
of Harris and Priester. Although the latter are probably closer to reality,
the density variations are represented equally well with the present static
models.

Equation (6) is valid for average quiet geomagnetic conditions (K o = 2
a_ = T). To reduce it to ap O the absolute term should read 357o instead

of 418&°.

b) Variation within one solar rotation. We can use

' _m o =
Ty = Ty + 1°8 (Flo_7 Flo.7) s (8)

i.e., the same equatiocn as in SAO Spe01al Report No. 150, but with the numer-
ical coefficient changed from 1%9 to 1°8. There is some indication that this
coefficient might be somewhat smaller (l 5 or so) near sunspot minimum and
larger (possibly 2%4) near sunspot maximum.

¢) Semismnwael variation. We can use the formula of SAC Special Report
No. 150, with a 6 percent rcduction in the amplitudes:

ot , d - 151 . d-59
T, = T+ (9.37 + 0.1k sin on _'§Z§—_ Fio.7 818 =355 (9)

(d in days counted from January 1).




d) Diurnal variation. The same parameters as in SAO Special Report
No. 150 can be used, except for R, which should be changed from 0.30 to
0.28. For convenience we shall repeat the equations with their explana-
tions.

Let the temperature maximum occur at a point on the globe which has
the same latitude as the subsolar point, and let the minimum nighttime
temperature on the globe be T and the maximum daytime temperature on the
globe be RTO- We shall assum€ that the daytime maxima TD and nighttime

minima TN at any point on the globe are given by the equations

=]
I

T(1+ R cos™ 1) ,
(10)
T, = To(1 + R sin” 9) ,

where
T]:%((P-GO)’
1
where ¢ is the geographic latitude and o the declination of the sun.

The temperature T at this given point can be expressed as a function
of the hour angle H of the sun (the local solar time). Let us write

_ n T
T —TN(1+ A cos 2) s (11)
with
Tp - Ty cos™ 7 - sin” @
As—F—=R m ’
N 1+ R sin 0
and
T=H+B+ psin (H+ y)(-m<T <m) (12)

(—TT<T<n)

where B8, v, and p are constants, and H = O corresponds to the sun's upper
culmination.

The constant B determines the lag of the temperature maximum with respect

to the sun's culmination, while p introduces in the temperature curve an asym-
metry whose location is determined by y. Replacing TD and TN from equation

_7_




(l), we can write

m ..
os T - sin O n

T=T,(1+Rsin" 8)[1+RS cos” % | . (13)

1 +R sinm 8

Although in these equations the exponents m and n, which determine the
mode of the longitudinal and the latitudinal temperature variations respec-
tively, are kept distinct, we find that in practice we can take m = n. We
shall adopt the following constants:

R = 0.28
m=n= 2.5

B = -Ls°

p = 12°

y = +45° .

e) Variation with geomagnetic activity. After the publication of SAO
Special Report No. 150, it was found that the relation between the exospheric
temperature and the 3-hour geomagnetic index a_ shows a strong departure from

linearity for small values of ap (Jacchia and Slowey, 1964). The formula

given in the last reference can be used without alterations. The increase
of temperature with ap is then

AT = 150 a + 125° [1 - exp (- 0.08 ap)] . (1k)
AT represents the atmospheric heating above the level corresponding to ap = 0.

6. Limitations of the present models

As we stated in Section 1, atmospheric models must suffer from the over-
simplified assumptions one is obliged to make to construct them. Our models
share with those of Nicolet the limitations imposed by the invariance of the
temperature profiles and of the boundary conditions; this latter limitation
is common also to the Harris-Priester models.

A consequence of the fixed boundary conditions is a nearly isopycnie
layer at 200 km at times of moderate to high solar activity. At such times,
according to the models (ours, Nicolet's and the Harris-Priester models), the
density at 200 km should not show appreciable variations when the exospheric

8-




temperature varies. This condition is nearly fulfilled by the diurnal
variation which practically disappears at heights lower than 200 km.

On the other hand, density variations at the 200-km level have been ob-
served at times of high solar activity in correspondence with geomagnetic
storms, and also of the erratic ("27-day") component of the 10.7-cm flux
(Jacchia, 1959).

The different response of the density at 200 km to different types of
heating could be explained by assuming that the temperature at 120 km is
not subJject to a diurnal variation, but increases in correspondence with
geomagnetic storms and transient enhancements of solar EUV radiation. If
we increase the temperature at 120 km by 509 without changing the composi-
tion, the density at 200 km will increase, according to our models, by a
little over 30 percent when the exospheric temperature is about 1400°K.
This is Jjust about the order of magnitude of the erratic density changes
observed in Sputnik 2 and 3. At greater heights the density change is more
or less the same, decreasing only slightly with height, but its relative
importance becomes smaller because of the increased response of the density
to changes in the exospheric temperature (or, to be more accurate, to changes
in the corresponding temperature gradient above 120 km).

Satellites at heights as low as 160 km have recently shown that the
density changes during magnetic storms are in phase with those at greater
heights (Zirm, 1964). This indicates that most of the heating during these
storms must occur at heights considerably lower than 160 km. It therefore
looks highly probable that the temperature at 120 km must undergo changes
during a magnetic storm.

If we assume that also the erratic changes in solar EUV affect the tem-
perature at 120 km, it is difficult to see how the much larger variations
of EUV in the course of the ll-year solar cycle could leave the temperature
at 120 km undisturbed. Perhaps there is such a change and the construction
of better models will be possible when this change becomes known.

T The tables

Detailed data on composition and density are given in Table 1 for 30
temperature profiles ending in exospheric temperatures Sdb apart and ranging
from 650°K to 2100°K. Table 2 gives a summary of the density data only.

The boundary conditions and the temperature profiles are specified in
Section 3. For the acceleration of gravity we used the formula

g = 980.665 (1 + Z/R)_2 cm sec

with R = 6.35677 x 1o8 cm.




Hydrogen concentrations are given only above 500 km, as in the CIRA 1964

tables, since hydrogen cannot be considered to be in diffusion equilibrium at
lower heights (Kockarts and Nicolet, 1962).

Although tue tables extend to a height of 1000 km, the data above
800 km must be considered as theoretical extrapolations since accurate
satellite drag data are not available at those heights. For high exo-
spheric temperatures (above, say, 1300°K) at which atomic oxygen is still
the major constituent between 800 and 1000 km, the densities should still
be reliable; the same cannot be said, however, for lower exospheric tem-
peratures.

The generation of individual densities for given values of z and T
from equations (4) and (5) is so simple that prospective users of these”
models may deem it preferable to use the formulae rather than the tables
to obtain atmospheric densities in electronic-computer programs. In such
a case, the extrapolation of the tables to heights above 1000 km, which
may be necessary for the sake of continuity in numerical integrations along
satellite orbits, is automatic, and the density approaches zero when z in-
creases beyond any limit. If the tables are used and it is desired to have
the density p approach a limiting value p rather than zero, we can recom-
mend the procedure we have been using for some time in our numerical-inte-
gration programs. Compute b = d4n p/dz = (4n 10) 4 Log, p/dz at 1000 km
from the tabular values of log p and use

p=p,* (pygoo = P,) exp [b(z - 1000)] . (15)
(z > 1000 km)
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Figure 1.--The coefficient s of equation (4), which determines the vertical temper-
ature distribution, as a function of the exospheric temperature Tm.
Curve 1 gives the temperature profiles of Nicolet's (1961) models. Curves
2a and 2b are those pertaining to the Harris-Priester models in the COSPAR
International Reference Atmosphere 1964k (2a for 4 AM, 2b for 2 PM). Curve
3 gives the temperature profiles of the present tables.
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Figure 2.--Correction to the exospheric temperatures obtained from densities by
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using the present models.

-13-




+0.3

SIS N

+0.1 \ \\\~‘______—__—__;:::
A log p \/f

4

0 / e
400 /
300/ /
//
200
km
-0.2
500 1000 1500 2000

Exospheric Temperature (°K)
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height between Nicolet II and the present models. The difference is
taken in the sense: Present tables minus Nicolet II.
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Figure. L4.--Daytime maximum and nighttime minimum temperatures above the thermo-
pause as a function of the 10.7T-cm solar flux, in units of Zl.O-22 watts/

m2/ cycle/sec bandwidth. Data are averaged over two or three solar
rotations. Open circles: individual maxims deduced from satellite drag
curves. Circled dots: individual minima deduced from satellite drag
curves. Dots: temperatures reduced to the nighttime minimm at times
when the curve of the semiannual temperature variation was close to the
annual average. The temperatures in this diagram must be considered as
referred to average quiet geomagnetic conditions (Kp =2 or ap = T).
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NOTICE

This series of Special Reports was instituted under the supervision
of Dr., F. L. Whipple, Director of the Astrophysical Observatory of the
Smithsonian Institution, shortly after the launching of the first artifi-
cial earth satellite on October L4, 1957. Contributions usually come from
the Staff of the Observatory. First issued to ensure the immediate dissem-~
ination of data for satellite tracking, the Reports have continued to pro-
vide a rapid distribution of catalogs of satellite observatiens, orbital
information, and preliminary results of date analyses prior to formael pub-
lication in the appropriate Journals.

The Reports are also used extensively for the rapid publication of
Preliminary or special results in other fields of astrophysics.

Edited and produced under the supervision of Mr. E. N. Hayes and Mrs.
Barbara J. Mello, the reports are indexed by the Science and Technology
Divisiop of the Library of Congress, and are regularly distributed to all
institutions participating in the U. S. space research program and to in-
dividual scientists who reguest them from the Administrative Officer,
Technical Information, Smithsonian Astrophysical Observatory, Cambridge,
Massachusetts 02138.



